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This paper provides a graph theoretical contribution to the solution of a problem 
that was so far dealt with purely combinatorial methods: For which values ofr does 
a P-quasigroup exist which defines an Eulerian path in the complete graph K,,, ,? 
We start with a nearly linear factor F,, whose edges are all of different “lengths” 
and obtain a rotative partition of Kzr+, into nearly linear factors. At every vertex 
vhr the 2r edges adjacent to vh are thus partitioned into r transitions. Successive 
transitions so defined by F, are associated to edges of F,, forming a sequence of the 
form (-iO. i,), (-i,,‘Q, (-iz, i,) ,... . I f  S is any closed path made up of these 
successive transitions, then S is described cyclically by a transition sequence of 
edges of F, of the form: I(S) = ((-i,, i,), (-i,, iz) ,..., (-i,- 1, iO)}, used cyclically m 
times; S is Eulerian if and only if m = 2r + I and t = r. In particular, if t = r and 
G.C.D. (x=, ii, 2r + I) = 1, then I(S) describes an Eulerian path. A numerical 
example is given, which solves the given problem whenever 2r + 1 f  0 (mod 7). 
Incidentally, Kotzig has shown that the problem has no solution when r = 2. 
The purpose of the present paper is to provide a constructive, graph 
theoretical contribution to the solution of a problem proposed in [7]: For 
which values of r does a P-quasigroup exist, which defines an Eulerian path 
in the complete graph Kzr+ ,? 
The problem has no solution for r = 2 and a unique one (up to 
isomorphisms) for r = 3; cf. [7]. In [6], Keedwell has shown that suitable P- 
* Research supported by Grant DGES-FCAC-75. 
’ Research supported by Grant NRCCA4089. 
45 
0095-8956/82/010045-12SO2.00/0 
Copyright 0 1982 by Academic Press, Inc. 
All rights of reproduction in any form reamed. 
46 KOTZIGANDTURGEON 
quasigroups exist whenever r is odd, except possibly when r = 2 (mod 5) or 
r = 1 (mod 6). These results have been extended in [3] by Hilton and 
Keedwell to provide a solution to the problem for all n = 2r + 1 except n = 0 
(mod 7) and n = 5 and also for n = 0 (mod 7) if r is odd and r f 127 
(mod 595). Keedwell has published more results on P-quasigroups in [4] and 
[S] and, with D&es, in [ 1 ] and [2]. 
The approach of [3] and [6] is purely combinatorial. Our method shall be 
wholly graph theoretical. Although our construction does not at present 
extend the range of values of r for which the required definition of an 
Eulerian path can be achieved, we think it is of a certain interest in itself. 
1. P-GROUPOIDS AND K-QUASIGROUPS 
Let us first recall some relevant definitions and theorems from [2] and [7]. 
Let r be any positive integer. We consider the complete undirected graph 
K=Kzrt1 with the set of vertices 
v= (u-r,..., K,, uo, ~1,..., 0,) (1.1) 
and the set of edges 
E={(i,j)li#j;i,jE{-r ,..., r}}, 
where (i, j) denotes the edge joining Vi and Uj* Let 
Hi={(i,j)Ii#j,jE{-r,...,r)J* 
denote the set of all edges of K adjacent to ui. 
Let Ti be a partition of Hi into r pairs of edges; i = -r,..., r. Each pair of 
Ti is called a transition through ui and the system 
T= (T-,,..., T,) 
is called a system of transitions on K. Then T contains r(2r + 1) distinct 
transitions and every edge of K belongs to exactly two transitions of T. Two 
transitions are called successive if they have an edge in common. 
Given a system of transitions T on K, we obtain a partition of K into 
closed paths by defining a path as a sequence of successive transitions. 
Conversely, a partition of K into closed paths induces a partition Ti of each 
Hi and a system T of transitions. So there is a l-l correspondence between 
the set of all systems of transitions on Klr+, and the set of all its partitions 
into closed paths. 
QUASIGROUPS DEFINING EULERIAN PATHS 47 
Given a partition of Kzr+, into closed paths and the corresponding system 
T of transitions, we define on V the binary operation @ by 
vi @ vj = vk o {(i, j), (j, k)} E Tj. (1.2) 
Then of course we also have, since K is undirected, 
Vi~Vj=V,OV,OVj=Vi. (1.3) 
The definition of @ is completed by 
Vjo Vj= Vj, for all j E (-r,..., I). 
The system (V, 0) is called a partition groupoid or P-groupoid, since it is 
defined by means of a partition. 
One verities easily that, in a P-groupoid, the equation 
x@vj=v, (1.4) 
has one and only one solution; this follows from (1.3) and the fact that @ is 
a binary operation. 
Now let V be any finite set and suppose a binary operation @ can be 
defined on V so that (V, @ ) is an idempotent groupoid satisfying (1.3). On 
the complete graph constructed on V we can then define a system T of tran- 
sitions by (1.2), and obtain a partition of this complete graph into closed 
paths. Hence (V, @ ) is a P-groupoid and we have: 
1.1. The set of all partitions of Kzrt , into closed paths is in l-l 
correspondence with the set of all P-groupoids on its set V of vertices. 
COROLLARY 1.2. Every P-groupoid contains an odd number of elements. 
A P-groupoid is a P-quasigroup if it satisfies the extra condition that the 
equation. 
vi ox = Vk, (1.5) 
as well as (1.4), has one and only one solution. Keedwell expresses this 
condition graphically in [5] by saying that a P-groupoid is a P-quasigroup if, 
given any two vertices vi and vk of K, there is a unique vertex x such that 
is a transition in the corresponding partition of K into closed paths. An 
example given in [7, p. 2151 and in [2, p. 3031 shows that some P-groupoids 
are not P-quasigroups. 
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Let (V,. 0) be a P-quasigroup. On V, we define one more binary operation. 
., by 
This binary operation is well defined, since Eq. (1.5) has a unique solution. 
The relation between the operations “0” and “.” on V are made more 
explicit in the following theorem. 
1.3. If (V, 0) is a P-quasigroup, then (V, .) is an idempotent 
commutative quasigroup. Conversely, tf (V, .) is an idempotent commutative 
quasigroup, then there exists just one P-quasigroup (V, 0) such that 
vi * vj = Vk 0 vi @ Vk = vj 
for all i, j, k E 1-r ,..., r}. 
The proof is given in 12, p. 3041. 
The multiplication table of (V, ,) being an idempotent symmetric latin 
square, (V, .) is called an idempotent symmetric quasigroup or K-quasigroup. 
It follows from 1.1 and 1.3 that K-quasigroups are in l-l correspondence 
with a particular class of partitions of K2,.+ 1 into closed paths, namely, those 
satisfying the criterion of Keedwell quoted above. 
We end this section by indicating one more l-l correspondence which we 
shall use. 
By a nearly linear factor of K2,.+, is meant a set F of r edges such that 
each vertex of K is incident with at most one edge ofF. 
1.4. On a set V of cardinality 2r + 1, the set of all K-quasigroups is in 
l-l correspondence with the set of all partitions of Kz,+, into 2r + 1 nearly 
linear factors. 
The proof of 1.4 is given in [ 2, p. 305 1. 
2. SYSTEMS OF TRANSITIONS DEFINED BY ROTATIVE 
PARTITIONS INTO NEARLY LINEAR FACTORS 
Let C be the Hamiltonian cycle in Kzr+, in which the vertices appear in 
the order indicated in (1.1). We shall say that a given edge (i, j) is of length 
1 with respect to C if the shortest paths from vi to v, along C is of length I in 
the usual sense. There is exactly one subpath of C of length I joining vi and 
vi; 1 <J.<r. 
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The cycle C being chosen once and for all, we shall simply speak in the 
sequel of the length of an edge, without explicit reference to C. 
If (i, j) is of length A, we shall write 
L(i, j)=A. 
For each A E { 1,2,..., r), exactly 2r + 1 of the r(2r + 1) edges of K a are of 
length 1. 
A nearly linear factor of K is called perfect if its I edges are all of different 
lengths. Let h E {-r,..., r). We shall denote by F,, a nearly linear factor of 
which v,, is the isolated vertex. Given a nearly linear factor F,, let Fh be 
defined by 
F,,=((h-i,h+j)I(-i,j)EF,}. (2.1) 
Here and in the sequel, the sums of indices are taken modulo 2r + 1 in 
i-i-,,.., r). Then F,, is itself a nearly linear factor and we say that Fh is 
defined rotatively by F, and that the family 
.F = {F,, 1 h = - r,..., r} 
is a rotative family of nearly linear factors defined by F,. 
2.1. If F, is perfect and .Y is a rotative family de$ned by F,,, then 
u F,= E. 
F,,Ex 
(2.2) 
Proof: Let (4, j) be an edge of F, of length A. Then, for h E ( k l,..., u), 
we have 
L(h-i,h+ j)=L(-i,j)=k 
i.e., there is at least one edge of length A in every F,. Since F, is perfect, the 
number of distinct edges in u F;, is at least r(2r + 1) and (2.2) holds. 1 
A rotative family of nearly linear factors with property (2.2) is called a 
rotative partition of K into nearly factors. 
To the edge (h - i,, h + il) of F,, , we associate the transition 
{(h-i,,h),(h,h+i,)}ET,; h = - r,..., r. (2.3) 
By 2.1, we thus obtain a system T of r(2r + 1) distinct transitions, one 
associated to each of the r(2r + 1) edges of K. 
We shall call the span of the transition (2.3) the length of the edge 
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(h - i,, h + i,). So the spans of the r transitions of T,, are all different and 
range from 1 to r. 
The edge (h, h + i,) belongs to the transition (2.3), but there is an i, E 
(-r,..., r} such that (h, h + ii) also belongs to the transition 
{(kh + iI>, (h +i,,h+i, +iz)} E Thti,. (2.4) 
Similarly, there is an i, E (--r,..., r) such that (h + i,, h + i, + iJ also 
belongs to the transition 
((h+i,,h+i,+i,),(h+i, +i,,h+i,+i,+i3)}E Th+il+i2. (2.5) 
We thus obtain a sequence of successive transitions. They are associated to 
the edges 
and 
(h -i,, h + iJ E I;,,, (2.6) 
(h, h + i, + iJ E Fh+i, (2.7) 
respectively. 
(h + i,, h + i, + i, + i3) E Fh+il+il> (2.8) 
2.2. Edges associated to successive transitions are defined rotatively by 
edges of F, forming a sequence of the form 
Proof: It is clear that successive transitions are always associated to 
edges forming a sequence like (2.6), (2.7) and (2.8). But by (2.1), 
(h - i,, h + iJ E F, o (-iO, il) E F,, 
(k h + i, + i2) E Fh+i, 0 (-iI, i2) E F, 
and 
This proves 2.2. 1 
Let S be the closed path in K of which (2.3), (2.4) and (2.5) are three 
successive transitions. Then, by 2.2, the complete succession of transitions in 
S is described cyclically by a sequence of edges of F, of the form 
W) = {C-i,, iJ, C-4, Q,..., (-it-, , it)}, 
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where i, = i,. This sequence is used cyclically m times, until S is cyclically 
described. The sequence I(S) contains no repetition and is called a transition 
sequence of S. It is clear that a sequence obtained from I(S) by reversing the 
order of its elements or by a translation of its elements is again a transition 
sequence of S. 
2.3. Let S be a closed path determined by T. Suppose I(S) must be used 
m times in describing S. Then S is an Eulerian path if and only tf the 
following conditions are both satisfied: 
and 
m=2r+l (2.9) 
I(S) contains all r edges of F,. (2.10) 
Proof. If conditions (2.9) and (2.10) are satisfied, then S contains 
r(2r + 1) distinct transitions and is thus Eulerian. 
Conversely, suppose S is Eulerian. By 2.2, the successive transitions of S 
are associated to edges defined rotatively by an edge of I(S) of length 
L(-i,, ir) = Jr, followed by an edge of length L(-i,, i2) = 1,, and so on. 
Hence the lengths of edges of I(S) appear cyclically in a sequence A,, 
/l 2....,&, A,,..., repeated m times. But these lengths are the spans of the 
successive transitions of S. Each of the r spans appears at most 2r + 1 times 
among the r(2r + 1) transitions of the Eulerian path S. Hence all r spans 
appear and (2.9) and (2.10) are satisfied. I 
2.4. If I(S) contains all edges of F, and the numbers 2r + 1 and 
A = i, + i, + . . . + i, 
are relatively prime, then I(S) is a transition sequence of an Eulerian path. 
ProoJ If a transition of S runs through a vertex v,, then the next r 
transitions of S run successively through 
V x+j,y V x+jl+j2)***) vx+A~ 
where j,, j, ,..., j, is some cyclical permutation of i,, i*,..., i,. Since A and 
2r + 1 are relatively prime, the vertices 
21x7 v x+A, vx+2A7”‘7 ‘x+ZrA 
are all distinct and v,+(~~+,)~ = v,. Hence I(S) is used m = 2r + 1 times in 
describing S and, by 2.3, S is Eulerian. 1 
This theorem is analogous to the first part of Theorem 1 of [3]. 
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3. A PARTICULAR CASE 
We shall now consider one particular nearly linear factor F,, which we 
define as follows. If r > 3 is odd, we define 
Fo= I (l,r), ( r+l r+3 )I 
-7,-- 
u p-(j-1)) /jE ; 3 1 ,..., 
U I (j,-(j+ 1)) I jE I r+3 r- 2 ,..., 1 II . 
If r > 3 is even, we define 
r -- , 
2 )I 
I I 
r-2 
jE 2,...,7 
U 
I 
(j,-(j+l)) 
I I 
jE + ,..., r-l II . 
One verifies easily that these definitions yield a nearly linear factor F,, of 
K 2r+, for every r > 3; cf. Fig. 1. In the sequel, the symbol FO shall always 
refer to this particular nearly linear factor of K. 
3.1. F, is perfect. 
Proof: If r is odd, then 
L(l,r)=r- 1, 
L 
( 
r+l r+3 --,-- = 
2 2 1 
1, 
L(j, -(j- 1)) = 2j- 1, for jE /2,...,+!-1 
and 
L(j, -(j + 1)) = 2r - 2j, for j E 2 ,..., 
I 
r+3 
r-l. 
I 
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FIG. 1. The nearly linear factor F,. 
Hence 
and 
I L(j,-(j+ 1)) jE 2,...,r- 1 I 1 r+3 II = (I - 3, r - 5 )...) 4, 2}, 
and the theorem is verified. If r is even, then 
L(l,r)=r- 1, 
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L -- 
( 
r-2 r 
2 
)--- zz 
2 ly 1 
and 
L(j,-(j- 1))=2j- 1, for jE !2,...,9/ 
L(j, -(j + 1)) = 2r - 2j, for j E $ ,..., 
I 
r-l . 
I! 
Hence 
I W,-(j-1)) Jjt 12 ,..., &$//={3,5 ,..., r-5,r-3) 
and 
I Lo’,-(j+l)) Ijt 1% ,..., r-l//={r,r-2 ,..., 4,2), 
and 3.1 is again verified. 1 
We shall now apply to F, our discussions of Section 2. 
By 2.1 and 3.1, F,, determines a rotative partition F of K into nearly 
linear factors F,, h = - r,..., r, where, for h # 0, F, is defined rotatively by 
F, according to (2.1). To the edge (h - i,, h + i,) of F, we associate the 
transition 
and we obtain a system T of r(2r + 1) transitions, which in turn determines a 
partition of K into closed paths. 
Let S be the closed path determined by T which contains the edge (0, 1). 
This edge belongs to a transition of T,, associated to the edge of F, which is 
incident to ur, namely, to (1, r). So the transition is 
l(r9 Oh (07 111 (3.1) 
The successor of (3.1) in S is a transition of T, of the form 
((0, 11, (1, xl), 
associated to the edge (0, x) of F,. But (0, x) of F, is defined rotatively by 
the edge 
(-1, x - 1) = (-1, -2) if r = 4, 
= (-1,2) otherwise, 
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of F,. Hence there is a transition sequence Z(S) of S beginning with 
(4, 11, (-1, -21, (2,...),... if r=4 
and with 
(r, I>, t-1, 21, (-L.),... otherwise. 
Suppose r is odd. Then, using 2.2, we obtain 
Z(S) = (r, I), (-1, 2) ,..., 
r+5 
-- 2 ,..., (r - 1, -r). (3.2) 
By 2.2, the next edge of the sequence would be of the form (r, y). Clearly, 
y = 1 and we go through the sequence again. Note that Z(S) contains all r 
edges of F,,. As for A (cf. 2.4), we have 
r+l A=1+2+...+-- 
2 
+..-+r 
=-+(r’-2r-3). (3.3) 
Now suppose r is even. Using 2.2 again we obtain 
Z(S) = (r, l), (-l,...) ,..., 
( 
r-4 r-2 
- 2, 2 1 
, 
( 
r-2 r r i-+2 
--‘-z 2 )( 9 T’- - 2 ) ,..., (r - 1, -r), (3.4) 
a sequence of length r. Also, in this case, 
r-2 
A=l+2+..~+~- 
r+2 
++-+...+r 
= - f (r* + 4r). (3.5) 
3.2. The system T determines an Eulerian closed path in K,,, , if and 
only if 2r + 1 & 0 (mod 7). 
ProoJ The transition sequences (3.2) and (3.4) both contain all edges of 
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F,,. Hence, by 2.4, there only remains to find the values of 2r + 1 which are 
relatively prime to A. 
If r is odd. we have 
-164 = 4(r2 - 2r - 3) = (2r + 1)(2r - 5) - 7; (3.6) 
cf. (3.3). If r is even, then, by (3.5), 
-164 = 4(r2 + 4r) = (2r + 1)(2r + 7) - 7. (3.7) 
It is clear from (3.6) and (3.7) that, for both odd and even values of r, the 
integers A and 2r + 1 are relatively prime if and only if 2r + 1 & 0 
(mod 7). 1 
Proposition 3.2 completes our constructive, graph theoretical proof that, 
for every integer r such that 2r + 1 f 0 (mod 7), there exists a P-quasigroup 
of order 2r + 1 deJning an Eulerian path in K2rt , . 
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